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Let R, ..., R, be rectangles on the plane with sides parallel to the coordinate
axes. An algorithm is described for finding the contour of F= R, U ... UR,, in
O(m log m + p log(2m?/p)) time, where p is the number of edges in the contour.
This is O(m?) in the general case, and O(m log m) when F is without holes (then
7 < 8m — 4); both of these performances are optimal.

1. INTRODUCTION

In this paper we consider the following geometric problem. Let
R,, ..., R, be rectangles in the plane with sides parallel to the coordinate
axes. The union F = R, U ... UR,, may consist of one or more disjoint
connected components, and each component may or may not have inter-
nal holes (note that a hole may contain in its interior some connected
components of F). The contour (boundary) of F consists of a collection of
disjoint cycles composed of (alternating) vertical and horizontal edges. By
convention, any edge is directed in such a way that we have the figure on
the left while traversing the edge; this is equivalent to saying that a cycle is
oriented clockwise if it is the boundary of a hole, and counterclockwise if it
is an external boundary of a connected component. Given R,,..., R,
our task is to find the contour of F = R, U ... UR,,.

There are several applications which involve iso-oriented rectangles, or,
without loss of generality, rectangles whose sides are parallel to the
coordinate axes. Suffice it to mention its relevance to Very Large Scale
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Integration [5], to geography and related areas [3], to computer graphics
(hidden-line problems, shadows, etc.), and to the organization of data in
two-dimensional magnetic bubble memories [6]. There is also considerable
theoretical interest in problems related to the one discussed in this paper,
such as finding the measure of the union of rectangles [2), testing a set of
rectangles for disjointness and reporting all the intersections [4], etc.

The paper is organized as follows. In Section 2, we informally describe
the algorithm, with the aid of an example. Then, in Section 3, we give the
details of the main data structure which is crucial in an efficient im-
plementation of our algorithm, and we describe the implementation of the
basic operations performed on this data structure. Section 4 contains a
final description of the whole algorithm, and the analysis of its perfor-
mance, including a lower bound which proves the optimality of the
algorithm when the figure F has no holes.

2. INFORMAL DESCRIPTION OF THE ALGORITHM

We informally illustrate the method with the aid of an example. The
algorithm consists of two phases. In the first phase we find the set V of
vertical edges of the contour (edges 1 through 10 in Fig. 1); in the second
phase we link these vertical edges by means of horizontal edges to form the
oriented cycles of the contour.

In order to obtain the set ¥V we scan the abscissas corresponding to
vertical sides of rectangles from left to right. At a generic abscissa ¢, the
section ¢ of the vertical line x = ¢ with F is a disjoint union of intervals.
This section remains constant between two consecutive vertical sides of the
rectangles, and is updated in the scan each time one such side is reached.
If 5 is a vertical side of some rectangle R at abscissa c, the portion of the
contour of F contributed by s is given by s N §, where ¢ is, as usual, the
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Fic. 1. An instance of the problem.





